The recently available N elastic, phase-shift analysis SP98, and interior dispersion relations are used to obtain the invariant amplitudes in the subthreshold crescent where they can be compared directly to the predictions of chiral theories. ͓S0556-2813͑99͒05210-3͔
II. IDR AND THE SUBTHRESHOLD REGION
We will use two sets of independent variables: (a,t) and (,t) , where ϵsϪu, and a is the IDR path parameter defined by aϭϪ͓suϪ(m 2 Ϫ 2 ) 2 ͔/t ͓7,11͔. m is the proton mass, and is the charged pion mass. IDR's are ''dispersed'' in t along curves of constant negative a, so (a,t) are natural choices as independent variables. In these variables we have 2 ϭ(tϪ4 2 )(tϪ4m 2 )ϩ4atϵ͓tϪt Ϫ (a)͔͓t Ϫt ϩ (a)͔. The portion of a typical curve of constant a in the neighborhood of the crescent is shown in Fig. 1 . For tϽ0 the path lies entirely within the s-channel physical region and passes through the s-channel threshold point. In the interval t Ϫ (a)ϽtϽt ϩ (a), is pure imaginary, and for tϾt ϩ (a) the path lies entirely within the t-channel physical region.
Interior dispersion relations are written for amplitudes which are su crossing symmetric: F(,t)ϭF (Ϫ,t) . In terms of the variables (a,t), the unsubtracted form of an IDR is The effective discrepancy function defined in Eq. ͑4͒ varies slowly even if a subtracted form of the dispersion relation, Eq. ͑1͒, were required for convergence. From its definition and the subtracted version of Eq. ͑1͒, D F (s max ;a,t) is the sum of subtraction terms ͑e.g., amplitudes and I F evaluated at the subtraction point͒ and subtracted forms of the t channel and the above-data part of the s-channel integrals. These integrals, and so also D F (s max ;a,t), vary slowly for small ͉t͉, just as in the unsubtracted case. The discrepancy method we will employ depends only on this smooth t dependence.
The strategy for determining F(a,t) in the subthreshold region will be to evaluate from experimental data D F (s max ;a,t) in the region tϽ0 by Eqs. ͑3͒ and ͑4͒, extrapolate it to the subthreshold region ͓which, by Eq. ͑1͒ or its subtracted counterpart, is relatively safe because the nearest singularity of D F is at tϭ4 2 ͔, and then use Eq. ͑4͒ again to evaluate F(a,t) in the subthreshold region. We will discuss the procedure more fully later in this section. First, however, we define our choice of invariant amplitudes.
PCAC predictions are often expressed in terms of the amplitudes
where A (Ϯ) and B (Ϯ) are the standard invariant amplitudes ͓12͔. These amplitudes satisfy the crossing relations 
where g, the pion-nucleon coupling constant, is given by g 2 /4ϭ(2m/) 2 f 2 Ϸ13.7 ͑i.e., f 2 Ϸ0.076͒, N ϭtϪ2 2 , and t N ϭt(sϭm 2 ,a)ϭ 2 (4m 2 Ϫ 2 )/(m 2 Ϫa) is the position of the nucleon pole on the curve defined by the path parameter a.
Because the pole terms are singular within the subthreshold region, it is desirable to plot the much smoother pole- (,t) , where the fixed-t dispersion-theoretic Born terms are
The ''barred'' amplitudes are finite everywhere in the subthreshold crescent, independent of whether IDR or fixed-t Born terms are subtracted. The latter are more conventional, however, so it is these that are plotted in our figures. IDR Born terms must, of course, be used in the actual evaluation of the dispersion relations. The two types of Born terms are related by
These equations obviate the numerical cancellation of poles in our reconstruction of the barred amplitudes. Since Im F can be evaluated in the s channel by the use of experimental phase shifts for (mϩ) 2 ϽsϽs max , the data integral I F (s max ;a,t) can be computed for all negative values of a and for any ͑positive or negative͒ value of t. On the other hand the t-channel integral requires knowledge of Im F for the t-channel reaction NN → in the region tϾ4 2 . In the region tϾ4m 2 , Im F is related to the experimental cross section for NN →, but in the interval 4 2 ϽtϽ4m 2 this process is unphysical, and a model is needed for the evaluation of Im F.
In the region 4 2 ϽtϽ16 2 , F is related to the elastic scattering amplitude for Iϭ0,1, or turning it around, knowledge of F will lead to values of these phase shifts. The ability to determine scattering lengths from elastic N scattering data results from extended unitarity ͓13͔ which ensures that N, t-channel partial-wave amplitudes have the same phase as partial-wave amplitudes for 4 2 Ͻt Ͻ16 2 . Since the lowest partial-wave amplitude in the t-channel dominates the invariant amplitude ͓14͔ near the threshold at tϭ4 2 , the behavior of the N invariant amplitudes at this point can be used to extract scattering lengths ͓15͔. We will make use of this technique to obtain the a 00 and a 11 scattering lengths in the next section.
Even though we cannot evaluate D F (s max ;a,t) within the crescent directly from experimental data, there is a standard method which allows us to infer D F (s max ;a,t), and hence F(a,t), within this region. As outlined earlier, the first step is to evaluate the effective discrepancy function within the the s-channel physical region ͓s max ӷsу(mϩ) 2 , tр0͔ along a curve of constant aϽ0. Hence, all of the quantities on the right side of Eq. ͑4͒ may be determined from known s-channel data and the reasonably well-known value of the pion-nucleon coupling constant g.
The recent phase-shift analysis SP98 ͓6͔ is employed to evaluate the amplitudes F and the data dispersion integral along a curve with fixed a within this region. In some of our calculations the well-known KH80 phase shifts are used above the region of the validity of SP98. For example, calculations performed with ͱs max ϭ4.4 GeV ͑with SP98 from threshold to ͱsϭ2.0 GeV and KH80 from 2.0 to 4.4 GeV͒ produced subthreshold amplitudes nearly indistinguishable from those which used ͱs max ϭ2.5 GeV ͑with SP98 alone͒.
This near equality does not imply that the dispersion integrals above s max are small, but rather it confirms that they are smooth functions of t, when t is in the low-energy or crescent region.
The next step is to analytically continue the effective discrepancy function into the crescent region along this curve of fixed a. This procedure is relatively safe because, as is seen from its definition and Eq. ͑1͒, D F has no singularities within the crescent. Typical curves, shown in Fig. 1 , enter the crescent region at the s-channel threshold point at tϭ0 and arrive on the axis at the points ϭ0, tϭt Ϫ ϵ⌺Ϫ2a Ϫͱ(⌺Ϫ2a) 2 Ϫ(4m) 2 . As a is varied from 0 to Ϫϱ, the ϭ0 intersection of the curves moves from t Ϫ ϭ4 2 to 0. Thus, by varying a, we are able to map the effective discrepancy function throughout the entire crescent region. Once D F (s max ;a,t) has been analytically continued within the crescent, the amplitude F can be reconstructed by rewriting Eq. ͑4͒ as
͓As shown earlier, I F (s max ;a,t) may be calculated from the experimental data for any value t at any value of aр0.͔
III. SUBTHRESHOLD EXTRAPOLATIONS
To perform the analytic continuation, D F (s max ;a,t) is expanded in a suitable basis set ⌺ nϭ0 N c n (a) n (t), where n (t) are analytic functions to be chosen. The coefficients c n (a) are determined for each value of a via a least-squares fit to the known values of D F (s max ;a,t) in the s-channel physical region. Typical choices of the basis n (t) are ͑a͒ t n , ͑b͒ n , where ϵͱ1Ϫ t/4 2 ϭϪip / is proportional to the momentum, and ͑c͒ functions obtained by modeling the imaginary part of F by t-channel resonance forms ͑, , f 0 , etc., mesons͒ ͓16͔. For this work we will adopt method ͑b͒, which is simple and flexible; in addition it incorporates the threshold behavior, associated with the branch point at tϭ4 2 , which is the nearest singularity. We emphasize that the effective discrepancy function has no nearby s-channel singularities; it involves a dispersion integral over the t-channel cut running from 4 2 to ϱ, and hence an expansion about the threshold in the center-of-mass momentum ͑or equivalently in ͒ is a sensible approach. Once contributions from Born terms are removed ͓15͔, the functions are expected to be smooth in this region and an expansion in should be adequate. We have used the smallest value of N which gives an acceptable fit to the function D F (s max ;a,t) in the s-channel physical region. Usually N ϭ3 or 4 is adequate as is explained shortly.
To model the discrepancy function for the amplitude D (Ϫ) , the term linear in must be omitted. This follows from an examination of the t-channel partial-wave expansion ͓15͔.
Above the threshold tϭ4
2 , is pure imaginary, and the imaginary part of the discrepancy function and reconstructed amplitude are given entirely by terms with odd powers of . The leading term in the t-channel partial-wave expansion is a linear combination of the Jϭ1 helicity amplitudes f Ϯ (1) (p ). Near the threshold, Im f Ϯ (J) is proportional to p 2Jϩ1 ϵ(i) 2Jϩ1 ; hence the lowest term of odd power in the expansion is proportional to 3 . Terms with higher J have successively higher powers of , and so the term linear in is absent in the expansion. The leading term in the t-channel partial-wave expansion of D (ϩ) has Jϭ0, and so the term proportional to is present in the expansion.
To evaluate the amplitudes along the boundary line t ϭ0, we have used a forward dispersion relation. As with the IDR's, it is sufficient to use an unsubtracted form of the discrepancy function:
where I F,t is defined by
F N,t is the appropriate Born term, max is the upper limit of the validity of the phase-shift analysis, and F() could be either D (ϩ) (,tϭ0) or D (Ϫ) (,tϭ0). These discrepancy functions are very smooth in the low-energy part of the s-channel physical region and are excellently fit by polynomials ͑quadratic͒ in 2 . Just as with the IDR's, the extrapolated values of I F ( max ,) are combined with Eq. ͑13͒ and solved for F() between ϭ0 and the threshold point ϭ4m.
There are three easily identifiable sources of uncertainties in our results. First, there is the uncertainty in the experimentally derived phase shifts and inelasticities used in computing the discrepancy function in the s-channel physical region. The other two uncertainties derive from the procedure used in the extrapolations: the choice of N, the order of the poly-nomial in , and the choice of the range sϭ(s th ,s f ) over which the discrepancy function is fit. The corresponding limits on t are (t f ,0), where
2 ) 2 ͔/(s f Ϫa). The SAID database gives both global fits ͑such as SP98͒ and, at energies where sufficient data exist, single-energy fits. Because the uncertainties of the individual partial-wave amplitudes are strongly correlated, it is difficult to use them in estimating the errors in the corresponding invariant amplitudes and discrepancy functions. We placed crude ''error bars'' on our reconstructed discrepancy functions by comparing the scatter between the values obtained from singleenergy fits and those obtained from the smooth global fit SP98 ͓17͔. Next, the discrepancy functions ͑and the corresponding values of 2 ͒ are least-squares fit with a sequence of polynomials in of increasing order N. From these fits, we select the one with the lowest order, NϭN 0 , which gives a satisfactory 2 . N 0 is chosen as the smaller of two numbers: the value above which there is no significant improvement in the 2 or the value for which the 2 per data point falls below 1. For both D (ϩ) and D (Ϫ) , we find N 0 ϭ4, i.e., a cubic, if s f lies in the range 2.0-2.5 GeV 2 . For the smaller value s f ϭ1.75 GeV 2 , a quadratic is adequate (N 0 ϭ3). We generally prefer extrapolations with a larger value of s f ; the larger intervals serve to better determine the curvature of the discrepancy functions. Figure 2 illustrates the extrapolation procedure for the case of the D (ϩ) amplitude. For this example, we have taken aϭa CD ϭϪm 2 ϩ 2 /2. In this case the path intersects the point (tϭ2 2 , ϭ0͒ at ϭ1/&. ͑This is the Cheng-Dashen point, to which we return shortly.͒ From this figure it is seen that the quadratic fit is inadequate, but the cubic gives an excellent fit in the s-channel physical region: Ͼ1. The quartic fit gives no significant improvement of 2 , but it gives us a crude estimate of the error associated with the extrapolation.
We now turn to the results of the calculation of the amplitudes D (Ϯ) . The overall features of the amplitudes are best seen from the contour plots given in Figs. 3 and 4 . A convenient parametrization of these amplitudes is given in the Appendix. The contour plots were calculated using Nϭ4 ͑cu-bic͒ for both D (ϩ) and D (Ϫ) . The amplitudes are su crossing symmetric, so only the region with у0 is shown. Refer to . The null line curves downwards with increasing , passing though zero at a point very close to threshold. This corresponds to the condition, which follows from current algebra and PCAC, that the isospin-even scattering length a (ϩ) is zero in a world of massless pions ͓3͔.
For D (ϩ) there are ͑at least͒ three points of special interest, and the IDR calculation gives all of them within a single consistent analysis. The first is the s-channel threshold point sϭ(mϩ) 2 , tϭ0 . At this point the isospin-even scattering length is found to be 
The extrapolation to this point is illustrated in Fig. 2 Ϫ1 ͑or Ϸ88Ϯ15 MeV͒. This value is somewhat larger than the usually quoted value of about 65 MeV. To check that the larger value is not an artifact of our IDR technique, we have repeated our evaluation of the term using the KH80 amplitudes. Using s f ϭ1.75, 2.0, and 2.5 GeV 2 we obtain 65. 2, 65.7, and 65.3 MeV, respectively, in agreement with the traditional value. In this case quadratic fits were adequate, but essentially the same results were obtained using cubic fits. We conclude that the large value of the term is an intrinsic property of the modern SM95 and SP98 phase-shift analyses ͓22͔. At the point ϭtϭ0 the amplitude is (Ϫ1.30Ϯ0.02) Ϫ1 ϷϪ/ f 2 , the ''antiCheng-Dashen'' value, as is expected from the soft-pion theorem for both pions soft. The behavior of D (ϩ) (0,t) is shown in Fig. 5 . It is seen that the amplitude has a positive slope in t with increasing curvature as t approaches the →NN pseudothreshold at 4 2 , and D (ϩ) (0,0)Ϸ ϪD (ϩ) (0,2 2 ) ͓9͔.
The D (Ϫ) amplitude is also of great interest. As is seen in Fig. 4 the contour lines of D (Ϫ) , like those of D (ϩ) , are also smooth and bend downwards with increasing , but the amplitude is negative for all points within the crescent. At the s-channel threshold it yields the isospin-odd scattering length 
FIG. 6. Amplitude 4mD
(Ϫ) (0,t) along the line ϭ0. The parameters are as in Fig. 4 .
